We formulate an explicit conjecture for the leading term at s = 1 of the equivariant Dedekind zeta-function that is associated to a Galois extension of number fields. We show that this conjecture refines well-known conjectures of Stark and Chinburg, and we use the functional equation of the zeta-function to compare it to a natural conjecture for the leading term at s = 0.
Introduction
In this paper we continue the study of the leading terms at integer points of equivariant Dedekind zeta-functions that was initiated in [Bur01] .
To be more specific we fix a Galois extension of number fields L/K and a sufficiently large finite set S of places of K which in particular includes all archimedean places and all places which ramify in L/K. We set G := Gal(L/ In this paper we shall formulate an explicit conjectural formula for the image of ζ * L/K,S (1) under the canonical homomorphism∂ from the unit group of Z(R [G] ) to the relative algebraic K-group K 0 (Z[G], R). Our formula involves the Euler characteristic (in the sense of [BrB05] ) of a natural perfect complex of Z[G]-modules that is constructed by using methods that are both explicit and comparatively elementary. The explicit nature of this formula allows us to prove rather easily that it simultaneously refines both the 'main conjecture' of Stark at s = 1 (as described by Tate in [Tat84] ) and the 'Ω 1 -conjecture' formulated by Chinburg in [Chi85] .
In a subsequent paper we will show that our formula is equivalent, under certain hypotheses, to the 'equivariant Tamagawa number conjecture' of [BF01] , as applied to the pair (h 0 (Spec L)(1), Z [G] ). The latter comparison result is interesting for several reasons: it will allow us to deduce the validity of our conjectural formula for∂(ζ * L/K,S (1)) in the case that L is an abelian extension of Q, it answers a question raised by Flach and the second named author in [BF96] , and it also establishes the link between our explicit conjecture and the very general (and rather abstract) 'main conjecture of non-commutative Iwasawa theory' that was recently formulated by Fukaya and Kato in [FK05] . Indeed, this comparison result combines with the philosophy described by Huber and 
If H is a normal subgroup of G then the functor M → M H from projective R[G]-modules to projective R[G/H]-modules and the corresponding functor from E[G]-modules to E[G/H]-modules induce quotient maps q G G/H for all K-groups in the exact sequence (1). Again one also obtains a quotient map q G G/H : Z(E[G]) ×+ → Z(E[G/H])
×+ . The extended boundary homomorphism is compatible with the restriction, induction and quotient maps. More precisely, the map res One can show that ψ * G is compatible with the change of group homomorphisms defined in § 2.1.3, i.e. for a subgroup H of G one has res 
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Homological algebra
We fix the sign conventions used for the homological algebra constructions in this paper. Furthermore we prove an important lemma concerning extension classes and recall the notion of an Euler characteristic with values in a relative algebraic K-group.
2.2.1
Complexes. Let R be a ring. By a complex we mean a cochain complex of left R-modules. 
Yoneda extensions.
We always use injective resolutions of the second variable to identify Yoneda Ext-groups (as defined in [HS97, IV, § 9]) with derived functor Ext-groups. For a natural interpretation of the connecting homomorphism for derived functor Ext-groups in terms of Yoneda extensions see [BF98, Lemma 3] .
We will frequently interpret certain complexes in the derived category in terms of Yoneda extension classes as in [BF98, p. 1353] . To a complex E which is acyclic outside degrees 0 and n 1 one associates the class e(E) ∈ Ext n+1 R (H n (E), H 0 (E)) which is given by the truncated complex E := τ n τ 0 E with the induced maps H 0 (E) ∼ = − → H 0 (E ) → (E ) 0 and (E ) n → H n (E ) ∼ = − → H n (E) considered as a Yoneda extension.
Lemma 2.4. Let E and F be complexes which are acyclic outside degrees 0 and n 1. Let
There exists a morphism ϕ : E → F in D(R) which induces α on H 0 and β on H n if and only if α * (e(E)) = β * (e(F )). If in addition Ext n R (H n (E), H 0 (F )) = 0, then the morphism ϕ with this property is unique.
Proof. Without loss of generality we can assume that E i = 0 and F i = 0 unless 0 i n. By interpreting the maps α * and β * in terms of Yoneda extensions and by the definition of equivalence of Yoneda extensions it is easy to see that α * (e(E)) = β * (e(F )) implies the existence of a morphism E → F in the derived category with the required property. Conversely, if ϕ : E → F is such a morphism in D(R) then there exists a complex G with G i = 0 unless 0 i n, a quasiisomorphism λ : G → E and a map of complexes µ : G → F such that ϕ = µ • λ −1 . This easily implies α * (e(E)) = β * (e(F )).
Leading terms of Artin L-functions
To show the uniqueness it suffices to prove that if ϕ : E → F induces the zero map on H 0 and H n then ϕ = 0 in D(R). We first observe that there is a distinguished triangle
which on cohomology induces the canonical maps. Indeed, if F denotes the complex
with F 0 in degree 0 then (6) arises from the short exact sequence of complexes
From (6) we obtain an exact sequence of abelian groups
). There is a distinguished triangle for E similar to (6) which gives an exact sequence
Thus ψ = 0 and hence also ϕ = 0.
Euler characteristics. Let G be a finite group. For any object C of D(Z[G])
we write H ev (C) and H od (C) for the direct sums i even H i (C) and i odd H i (C) where i runs over all even and all odd integers respectively. (C, t) ). This Euler characteristic depends on C only up to isomorphism. More precisely, if
To compute certain Euler characteristics and to compare our constructions to related results in the literature we will occasionally use the explicit approach described in [Bur04] and [BrB05, § 6] . By this approach we obtain an element χ old 
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We consider the R[G]-modules and isomorphisms in the following (in general non-commutative) diagram
H ev (B) ⊗ R ⊕ ker(H ev (α) ⊗ R) ⊕ ker(H od (α) ⊗ R) s ev / / t B ⊕id⊕(−id) H ev (A) ⊗ R ⊕ H ev (C) ⊗ R t A ⊕t C H od (B) ⊗ R ⊕ ker(H ev (α) ⊗ R) ⊕ ker(H od (α) ⊗ R) s od / / H od (A) ⊗ R ⊕ H od (C) ⊗ Rχ G (B, t B ) = χ G (A, t A ) + χ G (C, t C ) in K 0 (Z[G], R).
The equivariant Dedekind zeta-function
We fix some basic notations for number fields which are used in the rest of this paper and define the equivariant zeta-function of a Galois extension of number fields. 
is the set of all places of L above v. This applies in particular to K = Q where either v = p is a prime number or v = ∞ is the archimedean place. We also use the notation S f (L) for the set of all non-archimedean places, S R (L) for the set of real archimedean places and S C (L) for the set of complex archimedean places.
From now on let L/K be a Galois extension of number fields with Galois group G. For w ∈ S(L) we write G w for the decomposition group of w. For a non-archimedean place w we denote the inertia group by I w and we let σ w ∈ G w be any lift of the (arithmetic) Frobenius in G w /I w . For
Let S be a finite subset of S(K). The G-stable set of places of L that lie above a place in S will be denoted by the same letter S. This should not cause any confusion because places of K will be called v and places of L will be called w. Let v ∈ S(K). Choose a place w ∈ S v (L) and denote its decomposition group by G w . We define
Here for each ψ ∈ Irr(G w ) (and more generally for each not necessarily irreducible character ψ) the meromorphic function L Lw/Kv (ψ, s) is defined as follows. First we choose a C[G w ]-module V ψ with character ψ. In the case v ∈ S f (K) we then define
where (as in § 2.3.1) I w denotes the inertia group of w, σ w ∈ G w is a lift of the arithmetic Frobenius in G w /I w and Nv is the cardinality of the residue field of v. In the case v ∈ S ∞ (K) we set
We note that
, where ψ, χ| Gw denotes the usual inner product of the characters ψ and χ| Gw of G w . The restriction of this map to Z(C[G w ]) × is the induction map ind 
For S = ∅ the empty set we also write 
is the completed Artin L-function of the character χ as defined for example in [Frö83, ch. I, § 5] (where it is denoted byL(s, L/K, χ)). This implies that the function Z L/K (s) and more generally the functions ζ L/K,S (s) for any finite set S have meromorphic continuations to the whole complex plane.
We recall that Λ L/K (χ, s) satisfies the functional equation 
where # denotes the involution from § 2.1.4.
2.3.4
The leading terms. For a meromorphic C-valued function g(s) of a complex variable s which has algebraic order d at a point s 0 we set g * (s 0 ) :
Lemma 2.7. Let L/K be a Galois extension of number fields with Galois group G. Let s 0 ∈ R.
× and x χ is a positive real number whenever χ is symplectic.
To prove claim (i) we first note that
and therefore restricts to the induction map ind
This shows the result for s 0 = 1.
The leading term at s = 1
Let L/K be a Galois extension of number fields with Galois group G. Let S be a finite subset of S(K) which contains all archimedean places and all places which ramify in L/K and is such that Pic(O L,S ) = 0. In this section we formulate an explicit conjectural description of∂ 1 G (ζ * L/K,S (1)), and then describe some of its basic properties.
Statement of the conjecture
Recall that for a place v ∈ S(K) we write
Leading terms of Artin L-functions
. To state our conjecture we need to choose certain lattices. For each v ∈ S f := S ∩ S f (K), with residue characteristic p, we choose a full projective
S that is induced by the product of the respective exponential maps. We also write ∆ S for the natural diagonal embedding from
Following the notation of [NSW00, ch. VIII] we write I L for the group of idèles of L and regard
, and from class field theory one has a canonical
when L/K is clear from context) denote the global canonical class, i.e. the element of Ext
To describe the cohomology of E S (L) we use the following notation. Let
, and observe that one has a commutative diagram of short exact sequences
where µ L denotes the canonical isomorphism and µ L its restriction to L 0 ⊗ Q R. We also use the notation exp ∞ : L ∞ → L × ∞ for the product of the exponential maps and
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Our conjectural formula for∂ 1 G (ζ * L/K,S (1)) uses the Euler characteristic defined in part (iii) of the following lemma. In the sequel we shall abbreviate 'cohomologically trivial' to 'c-t'.
Lemma 3.1. The complex E S (L) defined by the distinguished triangle (10) has the following properties. 
induces isomorphisms between the (Tate) cohomology groups of Z and C S (L) (with a dimension shift of 2) and hence in D(Z [G] ) the complex E S is isomorphic to a bounded complex of G-modules each of which is c-t. Since this is also obviously true for
, the triangle (10) implies that E S (L) is isomorphic to a bounded complex of G-modules each of which is c-t. We will show that the cohomology of E S (L) is finitely generated. Claim (i) then follows because a bounded complex of c-t Z[G]-modules with finitely generated cohomology is perfect by a standard argument (similar to the constructions in the proofs of [Lan02, ch. XXI, Propositions 1.1 and 1.2]). The exact cohomology sequence associated to (10) implies that E S (L) is acyclic outside degrees −1, 0 and 1 and that there is an exact sequence
This immediately shows that
whose cokernel is easily seen to be finite; hence H 0 (E S (L)) is finitely generated and there is an identification
is finitely generated, which completes the proof of claim (i). Moreover log 
Remark 3.2. It is occasionally convenient to give an explicit representative of E S (L) in the following 
The complex E S (L) can be taken to be the mapping cone of this map α of complexes, that is
where L S is placed in degree −1, d −1 : L S → A is as above and d 0 = (d, tr ). Note that for these complexes the distinguished triangle (10) which gives rise to the identification of the cohomology of
where α is as described above, β is the identity on A and B, and γ is minus the identity on L S and L.
We now formulate our conjectural description of∂ 1
Basic properties
To describe some basic properties of Conjecture 3.3 it is convenient to set
(1)) where as in § 2.3.2 we fix w ∈ S v (L) and let G w be the decomposition group of w. Hence we must show that
To simplify the notation
Lw . Let O v be the ring of integers in the completion K v and let π be a uniformizing
There is a canonical short exact sequence 0 
] has finite cohomology groups and so by applying [BrB05, Theorem 5 .7] to the third row of the diagram we find that
To compute further we recall that any finite c-t G-module M gives rise to a canonical element
λ(w) × , and so the last displayed formula implies that
where (λ(w) × ) and (λ(w)) are considered as elements of 
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It follows that
Equations (12), (13) and (14) imply (11) which completes the proof.
We next describe the behaviour of T Ω(L/K, 1) under the maps discussed in § 2.1.3.
Then we have the following: 
for the extension L/K (again with the group action restricted from G to H) and so (H) . Hence the induction property of truncated Artin L-functions (which is similar to the non-truncated version in [Neu92, Kapitel VII, Satz (10
To prove claim (ii) we fix a finite set S of places of K containing all archimedean places and all places which ramify in L/K (and hence all which ramify in M/K) and which is sufficiently large to ensure that both Pic(O L,S ) = 0 and Pic
and L H ⊆ O M satisfy (9) with respect to (M/K, S), and so we need only show that
We first make the following general observation which follows easily from the description of Euler characteristics given in [BrB05,
is the complex of H-invariants and t H is the trivialization
H ev (C H ⊗ R) ∼ = (H ev (C ⊗ R)) H t − → (H od (C ⊗ R)) H ∼ = H od (C H ⊗ R).
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To apply this we note first that if we represent e 
where κ := (1/|H|)κ. Indeed, since the injective inflation map 
The conjectures of Stark and Chinburg
, where we write λ for the C-linear automorphism of Hom
, Q) if and only if for each ψ ∈ Irr(G) and each ω ∈ Aut(C) one has 
as in Remark 3.2 but with the additional condition that B is a finitely generated free
is an isomorphism. We also consider exp(L f ) as a submodule of A and set A L := A/exp(L f ). Then one has a short exact sequence of complexes (with vertical differentials) of the form
where the central column is the representative of E S (L) described in Remark 3.2. Since the left complex is acyclic this sequence implies that For each v ∈ S ∞ (K) we now fix a place w of L above v and a finitely generated
Then we may construct a commutative diagram of the following form.
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In this diagram the exactness of the left-hand column is clear and hence, since (by definition of
The upper row is chosen to be a representative of the pre-image under ι of the element corresponding to the exact sequence
and the second row of (17) is then constructed via the push-out of the given maps
The second column of (17) is thus exact and hence, since A L and L × ∞ /W ∞ are both c-t, the G-module A , respectively A L , is finitely generated and c-t, respectively c-t. Now the complexes 
. From the exact sequence of perfect complexes (with vertical differentials)
(where the upper row comes from (17)) we may therefore deduce that
) mod F (Z[G]), and since both sides lie in Cl(Z[G]) this shows that
∂ 0 G (χ G (E S (L), µ L )) = Ω(L/K, 1) as required.
The leading term at s = 0
As in § 3 we consider a Galois extension L/K of number fields with Galois group G and a finite set S of places of K containing all archimedean places, all places ramified in L/K, and for which Pic(O L,S ) = 0. In this section we formulate a conjectural description of∂ 1 G (ζ * L/K,S (0)) in terms of a natural Euler characteristic. An equivalent form of this conjecture has already been studied in [Bur01], see Remark 4.3 below.
We shall use the following standard notation. If T is any finite set of places of K then Y T denotes the G-module Y T := w∈T Z where the product is over all places w of L lying above a place in T . There is a natural augmentation map aug : Y T → Z and we define X T to be its kernel. [Tat66] (see also [Chi85] and [Tat84, ch. II] for a discussion of this class). Then P S is a perfect complex which is acyclic outside degrees 0 and 1, and there are isomorphisms 
Let P S be a complex in D(Z[G]) which corresponds to Tate's canonical extension class in Ext
-modules which we again denote by Reg S . We take the negative of this regulator as trivialization of the complex P S . Recall that in § 2.1.4 we defined an involution ψ *
To study Conjecture 4.1 it is convenient to set ( ' and Ω(L/K, 3) is the element defined by Chinburg in [Chi85] (and denoted by Ω m (L/K) in [Chi83] ). In particular, the vanishing of ∂ 0 G (T Ω(L/K, 0)) is equivalent to the 'Ω 3 -conjecture' that is formulated in [Chi85] . M. Breuning and D. Burns some relevant sign conventions relating to the Artin-Verdier duality theorem are not specified. It is easy to check that there are no such sign ambiguities in the proof of Proposition 4.4. In this paper we avoid these sign issues by working with complexes corresponding to canonical extension classes.
ii) The invariant T Ω(L/K, 0) belongs to the torsion subgroup of K 0 (Z[G], Q) if and only if the strong Stark conjecture (as formulated by Chinburg in [Chi83, Conjecture 2.2]) is valid for
L/K. (iii) One has ∂ 0 G (ψ * G (T Ω(L/K, 0))) = W L/K − Ω(L/K, 3) where W L/K is the 'Cassou-Noguès- Fröhlich root number class
Functional equation compatibility
In the previous two sections we formulated conjectures for the leading terms of the equivariant Dedekind zeta-function at s = 0 and s = 1. In this section we show that the compatibility of these conjectures with respect to the functional equation of the zeta-function gives rise to a natural conjecture for the epsilon constant.
Statement of the main result
Let L/K be a Galois extension of number fields, G its Galois group and S a finite set of places of K as in § § 3 and 4. Before we can formulate the main result we must introduce an invariant encoding certain semilocal information about the extension L/K.
Definition of the semilocal terms.
The definition of the following invariants is motivated by similar constructions in [BlB03] ; see Remark 5.4 for a detailed comparison.
Let v be a place in S f and denote its residue characteristic by p. We choose w ∈ S v (L) and let
M w be a complex in D(Z[G w ]) which corresponds to the local canonical class in Ext
e. the pre-image of 1/|G w | under the local invariant isomorphism
Furthermore we choose a full projective
From the corresponding cohomology sequence we see that M w (L w ) is acyclic outside degrees 0 and 1, and that there are identifications
where
× is the element with α w,χ = log(Nw) if χ is the trivial character and α w,χ = 1 otherwise.
From the local lattices L w ⊆ O w we obtain a global lattice L ⊆ O L as follows. For each v ∈ S f , with residue characteristic p, we first define a (L) (note that Gal(C/R) acts only on the second factor of L ⊗ Q C but on both factors of H L ⊗ Z C). For any Gal(C/R)-module X we write X + and X − for the submodules on which complex conjugation acts by +1 and −1 respectively. We define π L to be the composite
Leading terms of Artin L-functions
The map π L depends on the choice of
is independent of this choice.
We now set
The comparison result.
We can now state the main result which describes the relation of the invariants T Ω(L/K, 0) and T Ω(L/K, 1), and therefore of the conjectures for the leading terms at s = 0 and s = 1.
Theorem 5.2. One has
We shall use the functional equation of the equivariant zeta-function and computations of various Euler characteristics to prove Theorem 5.2 in § 5.2. By this theorem the leading term Conjectures 3.3 and 4.1 force the following conjecture for the epsilon constant.
Remark 5.4. Conjecture 5.3 is equivalent to the conjecture formulated by Bley and the second named author in [BlB03, Conjecture 4.1]. To see this we first recall that, in the notation of that paper, their Conjecture 4.1 is the conjectural equality
, which then immediately implies the equivalence of the conjectures. It is straightforward to verify that
Next we show that m w as defined in (19) 
Leading terms of Artin L-functions by Fröhlich in [Frö89, Introduction] of using the functional equation to give a natural explanation of the 'amazing analogy' between the Galois structure theories of unit groups and ideal class groups and of rings of algebraic integers that he stresses in both [Frö89] and [CCFT91, § 3].
Remark 5.6. Conjecture 5.3 is essentially of a local nature. More precisely, in [Bre04b] a conjecture for the equivariant local epsilon constant of a Galois extension of p-adic fields is formulated. It is then shown that the validity of this local conjecture for all non-archimedean completions L w /K v of L/K implies the validity of Conjecture 5.3. Such a local approach lies (implicitly or explicitly) behind the proof of the known cases mentioned in the following proposition.
is known to vanish in each of the following cases: 
Proof of the main result
By the functorial properties of the invariants (see Proposition 3.5 and Remarks 4.2 and 5.1) it suffices to show Theorem 5.2 for K totally real and L totally complex. We will assume this for the rest of this section. We fix a finite set S of places of K containing S ∞ (K), all places ramified in L/K and for which Pic(O L,S ) = 0. Furthermore for each v ∈ S f we fix a place w ∈ S v (L), a complex M w and a lattice L w ⊆ O w as in § 5.1.1. These lattices give rise to L v ⊆ O L,v and L ⊆ O L as above. In § 5.2.1 we will use the functional equation of the equivariant zeta-function to compute the quotient of the leading terms at s = 0 and s = 1. Then in § § 5.2.2 to 5.2.5 we will apply the additivity of Euler characteristics in distinguished triangles and some explicit computations to express the sum
in terms of certain semilocal invariants. After these preliminary steps the proof of Theorem 5.2 will be given in § 5.2.6. 
Proof. Taking the leading term at s 0 = 0 of both sides of the functional equation (8) we obtain the equality
The relation to the leading term of the S-truncated zeta-function is given by
Since the induction ind
The product of the leading terms of the archimedean Euler factors can be written in the following more explicit form.
. Therefore the lemma follows by applying∂ 1 G to (21).
The distinguished triangle.
As in the case of a non-archimedean place in § 5.1.1, for each
) is acyclic outside degrees 0 and 1, and there are isomorphisms
Here and in the following the letter w stands either for the fixed place in S v (L) (in expressions like
The local and global invariant maps are compatible, that is, for every w ∈ S(L) the following diagram commutes.
Here the left vertical arrow is induced by the map
L). Therefore by Lemma 2.4 there exists a 1450
One can show that the complex P S lies in the distinguished triangle
whose cohomology sequence identifies with the canonical sequence
Replacing the trace map by the zero map.
From now on we simply write exp :
whose cohomology sequence induces the identifications
o t h e r w i s e , and that we consider the canonical isomorphism
Instead of the trace map tr : L → Z = H 1 (E S ) we now consider the zero map 0 : L → H 1 (E S ). We define a complex F S (L) by the distinguished triangle
whose cohomology sequence induces identifications
where the last isomorphism is induced by the canonical splitting of the surjection
Proof. We will show below that there exists a distinguished triangle
in D(Z [G] ) whose cohomology sequence after tensoring with R identifies with the exact sequence (starting with
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On the complex
We want to show that the distinguished triangle (25) with the trivializations id, t F and µ L satisfies the additivity criterion in Lemma 2.5. Note that ker(H ev (α) ⊗ R) = 0 and that we can therefore omit this term when applying Lemma 2.5. We consider the R[G]-modules and isomorphisms in the following (in general non-commutative) diagram
and we must show that the automorphism (t
is induced by splittings of the exact sequence
With this choice of splitting we have
To simplify the description of the automorphism (t
, and obviously this has reduced norm equal to 1. So we can apply Lemma 2.5 and find that
It remains to show the existence of the distinguished triangle (25) with the claimed cohomology sequence. Consider the continuous arrows in the following diagram. (26) can be completed by the dashed arrows in such a way that one obtains an octahedral diagram, i.e. such that the first row is also a distinguished triangle, the diagram is commutative, and furthermore the square
commutes.
The first row in diagram (26) is the required triangle (25). After tensoring with R, its cohomology sequence has the form (starting with
We still have to compute the maps in this sequence. In diagram (26) we have a morphism from the first row to the second row. After tensoring with R, the associated morphism of cohomology sequences (starting with
It remains to compute the map w 2 : L ⊗ R → R. Taking H 0 of the commutative square (27) and tensoring with R gives the following commutative square.
This implies that w 2 = tr and completes the proof.
5.2.4
The semilocal complexes. We now construct two complexes M finite and M arch in D(Z[G]) with trivializations t M finite and t M arch respectively, and show that their Euler characteristics are closely related to the terms defined in § 5.1.1.
Recall that M S f is the complex
O w and that we can therefore talk about lattices L w ⊆ O w for all w ∈ S f (not just for the fixed places w). We set L S f := w∈S f L w and define M finite by the distinguished triangle
From its cohomology sequence we see that for the non-zero cohomology groups there are identifications 
Thus by fixing isomorphisms 2π
We compute the Euler characteristic 
for the arrow marked id ⊕ t −1 we have first used the obvious permutation and then the identity on
Finally we claim that 
In the case of a general totally real field K the two maps still agree if one chooses
Summarizing we find
This completes the proof of Lemma 5.12.
Relation of Euler characteristics.
Here we prove two lemmas.
Lemma 5.13. One has
For the proof of Lemma 5.13 we need the following result.
Lemma 5.14. There exists a distinguished triangle
) whose cohomology sequence after tensoring with R identifies with the exact sequence (starting with
w , and the map ξ is the identity on L ⊗ R and zero on the first summand.
Proof. Consider the continuous arrows in the following diagram.
M. Breuning and D. Burns tensoring with R gives the following commutative square (where we use the maps exp S and ∆ S from § 3.1).
This completes the proof of Lemma 5.14.
Proof of Lemma 5.13. We want to apply the additivity criterion of Lemma 2.5 to the distinguished triangle in Lemma 5.14. Note that ker(H od (α) ⊗ R) = 0 and that we can therefore omit this term when applying Lemma 2.5. We have to consider the R[G]-modules and isomorphisms in the following (in general non-commutative) diagram. 
L ⊗ R → 0 respectively. Lemma 5.13 will follow from Lemma 2.5 once we have shown that the automorphism
has reduced norm equal to 1.
To compute the reduced norm of (36) we use the following isomorphisms to replace various of the modules:
Diagram (35) then becomes
and we must show that the automorphism t where we write a = (a w ) w∈S ∈ X S,R and aug ∞ (a) = w∈S∞ a w .
It follows that the automorphism t 
Lemmas 5.9, 5.11 and 5.12 show that this is equal tô
Proof of Theorem 5.8
The following proof of Theorem 5.8 is taken from [Bre04c, § 7] . As a preliminary step of independent interest we show that the invariant RΩ loc (L/K, 1) in K 0 (Z[G], R) allows one to determine the absolute norm of the Artin conductor of every character of G.
Determining conductors.
In the following result |·| denotes the usual absolute value on the complex numbers C. Using the hypothesis and the product formula for the field E we obtain
where the valuations |·| v are normalized as usual. It therefore suffices to show that ∂ 1 Z[G],E (α) determines |α χ | v for every non-archimedean place v of E.
Let v be a non-archimedean place of E and let p be the residue characteristic of v. We write j : E → E v for the embedding of E into its completion at v. Then j induces maps j * of the centres of the group rings and of the relative algebraic K-groups making the following diagram commutative.
Z(E[G])
× ∂ 1 Z[G],E / / j * K 0 (Z[G], E) j * Z(E v [G]) × ∂ 1 Zp[G],Ev / / K 0 (Z p [G], E v )
